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Abstract

The finite sample performance of a

nearest neighbor classifier is analyzed

for a two-class pattern recognition

problem. An exact integral expres-

sion is derived for the m-sample risk

R~ given that a reference m-sample of

labeled points, drawn independently

from Euclidean n-space according to a

fixed probability distribution, is avail-

able to the classifier. For a family of

smooth distributions, it is shown that

the m-sample risk R~ has a complete

asymptotic expansion R~ w R~ +

DP.I c2km – ‘kin, where Rw denotes

the nearest neighbor risk in the in-

finite sample limit. Explicit defini-

tions of the expansion coefficients are

given in terms of the underlying dis-

tribution. As the convergence rate of

Rm + Rm dramatically slows down

as n increases, this analysis provides

an analytic validation of Bellman’s

curse of dimensionality. Numerical

simulations corroborating the formal

results are included. The rates of con-

vergence for less restrictive families of

distributions are also discussed.
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1 INTRODUCTION

Because of its simplicity and nearly opti-

mal performance in the large sample limit,

the nearest neighbor classifier (see Duda and

Hart [DH73], for example) endures as a funda-

mental algorithm for pattern recognition and

machine learning. In its classical manifesta-

tion, pattern classes are assumed to generate

random points, or feature vectors, in some n-

dimensional metric space. First, a reference

sample of m labeled feature vectors is con-

structed, each label indicating the pattern class

from which the associated vector originated.

The nearest neighbor classifier then assigns any

input feature vector to the class indicated by

the label of the nearest reference vector.

The simplicity of this nonparametric classi-

fier belies its performance. When the reference

sample is drawn independently according to a

stationary underlying distribution, then a clas-

sical result of Cover and Hart [CH67] asserts

that in the infinite-sample limit (m ~ co), the

probability that an independently selected fea-

ture vector (drawn again from the same under-

lying distribution) is misclassified, is no more

than twice the (optimal) Bayes error. Thus, if

the Bayes error is small, the nearest neighbor

classifier performs nearly optimally in the large

sample limit. Practical considerations such as

storage and access costs, however, favor small
sample sizes. Thus, we are led to the follow-

ing question of theoretical and practical im-

port: How rapidly does the risk Rm of a nearest

neighbor c[assijier with a finite reference sam-
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ple of size m approach its infinite sample limit

Rw ? For problems with two pattern classes and

a one-dimensional feature space, Cover [COV68]

has shown that this limit is approached as

rapidly as R~ = R~ + ~(m-2) (m ~ m)

if the underlying distributions are sufficiently

smooth. A generalization of this convergence

rate to multidimensional feature spaces, how-

ever, has been hitherto lacking.

For a family of probability densities with

uniformly bounded partial derivatives up to or-

der N + 1 over their probability-one support,

we show that

N’

R~ = Rw +x c2km-2kln o m-2N’1” 1
+( )()

k=l

for every N’ ~ N. Moreover, if every partial

derivative is uniformly bounded, then the m-

resample risk has a complete asymptotic expan-

k=l

In these expressions, the coefficients (CZ, CA, . . .)

depend upon the underlying probability densi-

ties, but not upon m.

We emphasize that in this context the sta-

tistical risk is averaged over both the ensemble

of input vectors and the ensemble of m-samples.

This is in marked contrast to many practical ap-

plications where a single m-sample is selected,

usually by a more deterministic process. Never-

theless, these results prove the existence of an

m-sample for which the misclassification rat e,

when averaged over only the ensemble of input

vectors, does not exceed R~.

Once m is moderately large, the leading

terms in the asymptotic summation dominate.

Consequently, as m increases, R~ steadily

tends to l?~ via an inverse power law, e.g.

Thus for classification problems in low-

dimensional spaces, reasonable performance

can be attained with a finite sample. In particu-

lar, for n = 1, the above coincides with Cover’s

result. Difficulties arise, however, for problems

in high-dimensional spaces as the magnitude of

the exponent of m decreases with n. For ex-

ample, if C2 # O then the sample size m* re-

quired to achieve a specified convergence crite-

rion [R~ – Rw / <6, satisfies

for sufficiently small 6 > 0. If C2 is bounded

away from zero for all n, then m* grows expo-

nentially with n, validating Bellman’s curse of

dimensionality [DH73].

In Section 2 we review the nearest neigh-

bor algorithm and its performance in the infi-

nite sample limit. In Section 3 we describe the

hypotheses under which our asymptotic results

apply, and present a formal statement of our

convergence theorem. The proof of the theo-

rem is outlined in Section 4, and includes an

explicit procedure for obtaining the expansion

coefficients C2, C4, et c, in terms of the probabil-

ity densities. In Section 5 we present numeri-

cal evidence that suggests that the convergence

theorem may be extended to a broader class of

problems than is captured by our hypotheses.

Finally, in Section 6 we summarize our results.

2 THE NEAREST NEIGHBOR
CLASSIFIER

Let ‘(1” and “2” denote two states of nature

corresponding to two pattern classes, and let PI

and P2 denote their respective prior probability

of occurrence. (In what follows, we assume that

O < PI, P2 < 1.) The patterns themselves are

represented by feature vectors X E IRn which

are drawn according to the class-conditional

probability distributions Fj, for class j c {1, 2}.

The mixture distribution

F = PIFI + P2F2

is then the unconditional distribution for the

feature vector X.

Labeled feature vectors, (X, O), are gener-

ated from the mixture distribution by the fol-

lowing process: first, a pattern class /3 ~ {1,2}

is chosen at random in accordance with the

prior probability for each class, PIO = j] = Pj;

then, a feature vector X c IRn, conditioned

upon 0, is drawn according to Fe. After m inde-

pendent repetitions of this process, a reference

sample

(Xm, em)= {(x(’), 0(’)),..., (x(~), e(~y},
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Figure 1: The decision regions for a two-class

nearest neighbor classifier for a two-dimensional

feature space. Circular and square markers de-

not e the 10cations of the reference vectors be-

longing to the two pattern classes. The shaded

area describes the region of feature space that

the nearest neighbor algorithm assigns to the

class of the square markers.

is constructed. Here, Xm = {x@), . . . . x(~)}
(x(~) ~ ~n) deno~e$ the set of ~ feature vec-

tors, and ~~ = {19(1J, . . . . O(m)} (O(i) c {1, 2}),

the set of corresponding class labels.

Given (X~, Elm), with m z 1, the nearest

neighbor classifier partitions the feature space

IRn aa follows:

ALGORITHM: To every x E R“, as-

sign the class label C(x; (X~, em )) E

{1, 2} given by

C(x; (Xm, em)) = o(i)

if [x–X(iJl ~ lx–XI~J/ for allj # i.l

As the example of Fig. 1 illustrates, the near-

est neighbor algorithm induces piecewise linear

decision boundaries.

2.1 PERFORMANCE ESTIMATES

A labeled test vector (X,0) is now drawn by the

same process, independent of (Xm, tl~ ). Let

1Ties can be resolved by any procedure. Under
our subsequent assumptions, ties occur with zero
probability.

(X’, 0’) denote the element of (X~, ~~), cho-

sen by the classifier to be the nearest neighbor

of (X, 0). The classifier’s average performance

can be quantified in terms of the statistical risk.

For simplicity, we take Rm = P[d’ # 0], the

probability that the nearest neighbor algorithm

assigns X to the incorrect class. Conditioning

the event [6’ # O] first over the values assumed

by the test vector X, and then over the values

assumed by the nearest reference vector X’, we

obtain

R. =
/

P[o # e’ I x = X]f(x) (ix,
s

=
/

P[o#o’lx’=x’, x=x]
5X5

X fm (X’ I X)f(X) dx’ dx,

where f = P1 fl + P2 f2 denotes the mixture

density, S denotes its probability one support,

and ~m (x’ I x) denotes the conditional density

of X’ in a random m-sample given X = x. Note

‘that the event [d’ # 0] occurs if and only if

one of the disjoint events [0’ = 1,0 = 2] or

[0’ = 2,0 = 1] occurs. Moreover, as the test

and reference vectors are chosen independently,

Rm =
/(

E(X)R(X’) + R(X’)E(X))
Sxs

X fm (X’ Ix) f (x) dx’ dx, (2)

where ~(x) = PIO = jlx =X] = Pjfj (JC)/f (x)

denotes the posterior probability that the pat-

tern x belongs to class j. In general, this in-

tegral is quite difficult to evaluate. In Sec-

tions 3 and 4 we provide conditions under which

this integral can be evaluated asymptotically

for sufficiently large (but finite) m. First, how-

ever, it is instructive to evaluate (2) in the infi-

nite sample limit.

2.2 THE INFINITE-SAMPLE LIMIT

Under fairly general conditions, Cover and Hart

[CH67] showed that

Jlimm fm (x’ Ix) = ti(x’ – x),

an n-dimensional Dirac delta function, for a. e.

x C S. Applying the dominated convergence
theorem to (2) yields
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–2—
/

E(x)qx)f(x) dx

= 2ES[~(x)~(x)l . (3)

This quantity can be quite clos~ to the Bayes

risk RB. By definition, a Bayes classifier mini-

mizes the expected risk. Hence,

RB = E [rB (x)] ,

where

?’~ (x) = min [~(x), ~(x)]

= min [~(x), 1 – =(x)]

is the conditional Bayes risk. By sym-

metry, H(x)Z(x) = E(x) (1 – =(x)) =

rB(x) (1 – ~B(x)), hence, from (3)

Rm = 2 (E [~B(X)] – E [rB(x)2])

= 2 (RB – Var [TB(X)] – h?~)

< 2RB(1 – RB)

Furthermore, as the nearest neighbor classifier

can never out perform a Bayes classifier, Rm is

bounded by the inequalities RB ~ Rm ~ 2RB.

Thus, if RB <<1, then a nearest neighbor clas-

sifier with a sufficiently large reference sample

is nearly optimal. This optimistic assessment,

however, is of practical benefit only if Rm con-

verges to RW at a moderately rapid rate. We

now examine some nontrivial conditions under

which this may occur.

3 THE RATE OF
CONVERGENCE

Before stating our main theorem, we describe

the four hypotheses under which we prove the

results. In principle, the theorem will hold un-

der weaker conditions, as some of these hy-

potheses are introduced solely to avoid certain

analytic complications.

Hypotheses

HI. For k E {1, 2}, the class-conditional distri-

butions pk are absolutely continuous over

R“ and have corresponding densities fk.

H2. The mixture density, f = PI fl + P2 f2

is bounded away from zero a.e.2 over its

2Here and elsewhere, with respect to Lebesgue
measure.

probability one support S c IRn. (We

can thus assume, without loss of generalit y,

that S is compact.)

H3. The class-conditional densities fk have

uniformly bounded derivatives up to order

N + 1 for almost every x E S. Explicitly,

this condition allows the class-conditional

densities to be expressed as a truncated

Taylor series with a bounded remainder.

For example, with N = 2 one obtains,

+ O(lx’ – X] S)< (4)

for almost every x,x’ c S and k = 1,2,

H4. One or the other of the class-conditional

densities vanishes clos~ to the boundary of

S. More precisely, let S = cl(S) fIcl(lR” \S)

denote the boundary of S, and for t ~ O,

let St C S denote the set of points in S of

distance no more than t from the bound-

ary:

Then the~e exists a to > 0 such that for

a.e. x c StO, either fl(x) = O or fz(x) = O.

REMARK: Hypothesis H1 is relatively innocu-

ous, but does preclude discrete distributions

from this analysis. It also relegates “ties” to

zero-probability events.

Hypothesis H2 arises out of a uniformity

requirement in our proof. In particular, this

excludes many standard distributions, such as

mixtures of normal distributions, whose sup-

port is infinite.

Hypothesis H4 is introduced to avoid tech-

nical complications arising from boundary ef-

fects. Basically, if both x and its ne~rest neigh-

bor x’ c X~ happen to fall within StO, then the

classification will be correct (with probability

one), and there is no contribution to R~. Re-

laxing the requirement of Hypothesis H4 would

necessitate placing smoothness constraints on

the boundary ~, and would also result in more

awkward asymptotic expressions for R~.
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Theorem 3.1 Under Hypotheses HI - H4,
there exists a unique set of constants {Czk} such

that

N/2

R. = Rm + ~C2kTn -2k/n + o(m-N,n)

\
k=l

asm~cm.

REMARK: The leading coefficient in

pansion is just the infinite-sample risk

in (3). For C2, we obtain [SPV91]

the ex-

defined

(5)

For N = 2 and n = 1 this result is in accordance

with Cover’s results for the convergence rate

of a one-dimensional, nearest neighbor classi-

fier [COV68].

4 ASYMPTOTIC ANALYSIS

The proof of Theorem 3.1 involves an asymp-

totic evaluation of the integral appearing in (2)

for sufficiently large values of m. First we ob-

tain an explicit expression for the conditional

density fm (x’ [x) defined in Section 2.

The event X’ = x’ occurs if one of the ref-

erence feature vectors Xf~ j assumes the value

x’ and every other feature vector X(k), k # j,

assumes a value outside II(p, x), the (closed)

ball of radius p = lx’ – xl centered at x. (By

Hypothesis H1, ties occur with zero probabil-

ity.) Because of the independent nature of the

training set, the latter may occur with j = 1,

2,. ... m. We thus obtain,

fm(x’ Ix) =

~r 1

qII { 1P x(~) $! Il([x’ – X1,X)} f(x’).
j=l k#j

For p ~ O and x c Et”, let @(p, x) denote the

probabdity that a feature vector Y E EL” drawn

from the mixture distribution l?(y) lies in the

ball of radius p at x:

~(~~‘) = ‘{y ~% x)} = ~(p,x)f(y) dy.

(6)

It follows that

f~(x’ lx)= m[l - @(lx’ - xl, x)]~-’ ~(x’).

In terms of these quantities, (2) can be written

as

Rm=m
/

~X~ 9(X’, X)e
-Wx’x) dxl dx, (7)

where

f (x’) f (x)
g(x’, x) = 1 – +(p, x)

x (FJx)zqx’) + FJX’)FJX)) , (8)

and

h(x’, x) = – log[l – @(p,x)]. (9)

Observe the useful result that h(x’, x) de-

pends only on x and lx’ – xl. Furthermore,

Hypothesis H2 indicates the h will have a min-

imum if and only if lx’ – xl = O. Thus,

for large m, the integral in (7) appears to be

in a form amenable to Laplace’s asymptotic

method, which asserts that the dominant con-

tribution arises from a neighborhood of the

point where h has a discrete minimum [Erd56].

Furthermore, if g and h can be represented as

asymptotic power series in a neighborhood of

this minimum, then the integral itself may be

represented as an asymptotic power series in

reciprocal (noninteger, in general) powers of m,

The method can be extended to multidimen-

sional integrals where, for instance, h has an

interior minimum in the domain of integration

(cf. Fulks and Sather [FS61]).

The evaluation of (7) by this asymptotic

technique, however, is complicated by the fact

that the minima of h (defined over lR2” ) occur

on a continuum of points in the n-dimensional,

linear manifold {(x’, x) E S x S I lx’ – xl = O}.

Consequently: (z) standard results on Laplace

integrals when h haa discrete minima cannot

be carried over in toto to the case when h has

a continuum of minim% (ii) contributions to

the integral from a continuum of points where

h has its minima at and near the boundary of

the domain of integration pose particular diffi-

culties in evaluation, and depend, in general, on
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x’ interior contribution

/2

contribution

I — s,—
x

Figure 2: A schematic of the cylinder set Ct,

and the interior and boundary contributions to

the dominant integral.

the boundary shape. The first difficulty is re-

solved by adopting a generalized cylindrical co-

ordinate system in the 2n-dimensional domain

S x S. Then a technical result of Fulks and

Sather [FS61] permits the replacement of (7)

by essentially a single Stieltjes integral. The

second difficulty is finessed by Hypothesis H4

which essentially eliminates any contribution to

the classifier’s error rate in the boundary of the

domain of integration.

4.1 LAPLACE’S METHOD

Now let us return to a consideration of (7). For

t >0, define the family of “cylinder” sets

Cl = {(x’, x) E lR2n :Ix’-x[=p<t}ns’.

This is schematically the cylindrical area along

the diagonal in Fig. 2. We can then partition

the integral contribution to Rm into two parts:

/
Rm = m ge-mh i-m

J

-mh
ge .

C* s2\ct

For any fixed t >0, the integral contribu-

tion from outside C’t is asymptotically subdom-

inant. Now recall that by Hypothesis H4, there

exists a to >0 such that one or the other of the

class-conditional densities fj is identically zero

at a.e. point in a set StO of points in S whose

distance from the boundary S of S is no more

than to. Now choose O < t < to/2, and define

the set

s,=s\s, ={x Es:lx–sl>t}<

We now partition Ct into the sets

Qt = Ct n(S x S,), Qt= C, n (S x St).

We now further partition the dominant inte-

gral contribution to Rm according to wh<ther

x takes values in St or x takes values in St:

m
/ / /

ge-mh = m ge-mh + m ge-mh
c* Qt ‘%

= Im+Jm,

where Im and Jm denote the two integrals, re-

spectively. Note that Irn is the part of the domi-

nant contribution which arises from the interior

points, while Jrn is the part which arises from

the boundary points. We evaluate these in turn.

Boundary Contribution If (x’, X) G_ Qt,
then clearly_ x E St by definition of Qt =

Ct n (S x St). Furthermore, in Ct we have

lx’ – xl s t sg that by the triaggle inequality

we have Ix’–SI s [x’–xI+Ix–SI s 2t < to by

choice oft. Consequently, both x and x’ will lie

in StO. It follo_ws from Hypothesis H4 that for

a.e. (x’, x) c Qt, fj (x’) = fk(x) = O for some

j, k c {1, 2}. Now consider representation (8)

fgr g. It follows that g is identically zero over

Qt, and hence J~ = O.

Interior Contribution At this point, it is

convenient to adopt n-dimensional polar coor-

dinates to represent x’ relative to x. p = Ix’–xl

and Q = (A,dz, . . . . #n-l), where

n-l

X; — c~ = p sin&_~+l ~cosfi$n-,,
l=i

fori= l,... , n. (For i = 1, define sing$n = 1.)

Here, ~; assumes values in the range –7r/2 ~

djsT/2iflsisn–2,0rOs4.-l <
27r. We will also let Sri-l denote the set of

admissible values of Q, i.e. the solid angle of an

n-dimensional sphere.

From Hypothesis H3, we can obtain an

asymptotic expansion (as p ~ O) for the mix-

ture density ~. Then, after expanding (6), (8),
and (9) in powers of p, one obtains

N

/J(x’, x) = P“ ~ hk (x)Pk + o (pN+’)
k=o

N

g(x’, x) = ~9k(f’b)Pk + O(PN)

k=O

The integral Im can now be evaluated by a

procedure that parallels reference [FS61]. After
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a lengthy calculation [PSV92], we obtain

N

I* = ~ Ckm-kln+ o(m-N’n), (10)
k=O

where

()Ck=r 2+1
n

The coefficients B} aregenerated from theex-

pression

where Tl (x) represent the exact expansion co-

efficients of

( )p=f ‘rk(x)s(k+l)l” + . SP+l)l”
k=O

so that

s=pn [fllk(x)pk]

Lk=o J

for all x E S, Note that co evaluates to R~. If

k is odd, the parity of the integrand over Sn _ 1

then ensures that ck = O, proving the theorem.

5 DISCUSSION

The preceding theorem was proved under a re-

strictive set of hypotheses so that expressions

for the coefficients, RW and c~k, could be read-

ily obtained. Unfortunately, in so doing, we

have precluded many practical, well behaved,

distributions; mixtures of normal distributions,

for instance, violate Hypothesis H2. In this

section we present evidence that suggests that

the asymptotic convergence of the finite-sample

risk, described in the statements of the theo-

rems, applies to a broader set of classification

problems. In generalizing the theorem, we em-

phasize that although the risk may be expanded

in successive powers of m– 21”, the expansion

coefficients will be more complex. (However,

for some problems, they may provide useful ap-

proximations to the actual coefficients.)

Of the four restrictions assumed, Hypothe-

sis H4 appears to be the most artificial as it was

introduced solely to avoid analytical complica-

tions at the boundary of the domain of integra-

tion. Consequently, it could be replaced by the

weaker requirement that one of the two class-

conditional densities tends to zero sufficiently

fast at every boundary point so that J~ is ex-

ponentially subdominant with respect to the in-

terior contribution 1~. Even this weaker con-

dition, however, may be unnecessary. First, we

present an example where the theorem provides

an accurate approximation to the m-sample risk

even though Hypothesis H4 is not strictly sat-

isfied.

EXAMPLE: Trigonometric Distributions

Consider a multidimensional two-class

problem where the the class-conditional densi-

ties are given by

f,(x) = ~ sinz Z1,
Zn-lT.

fz(x) = & COS2Zl,

over the feature space I–T, rln c Et” . If

P1 = P2 = 1/2, then R; = i/4, and RB =

(n – 2)/2m x 0.1817. Clearly this problem sat-

isfies Hypotheses H 1 through H3 while violating

Hypothesis H4.

In Fig. 3 we present numerical estimates of

R~ as a function of m and n for n = 1 (circular

markers), through n = 5 (diamond markers).

Each marker represents the fraction of “fail-

ures” of a large number ( 105–10s) of Bernoulli

trials. In each trial a pseudo-random reference

sample of m labeled patterns is constructed

in accord with the above probability y densities.

Then a single input vector is generated by the

same process and is classified according to the

reference sample. (In practice, these two steps

are best carried out in reverse order so that

only one reference pattern need be stored at

a time.) A trial is regarded as a failure if the

input is assigned to the wrong class by the ref-

erence sample. For each marker, an error bar,

representing 95~0 certainty, is estimated using

the DeMoivre-Laplace limit theorem. Because

of computational limitations, large error bars

are unavoidable once R~ becomes sufficiently

close to Rm.

This data is compared to the asymptotic

expansion obtained from the theorem, which we

truncate to second order,

R ~ w R~ i- czm-2i”. (11)

99



–1. .

-.2. .

+

G$ -3. .

0

G

s -4. .

-5. .

–61
.

0 1 ‘2 4 5
log~o(m)

Figure 3: Numerical evidence supporting the

nearest neighbor scaling hypothesis for two

trigonometric distributions. Here the broken

lines describe the leading asymptotic behavior

predicted by the asymptotic expansion in the

‘i -.
-50

. I
1 2 4 5 6

log~o(m)

Figure 4: Numerical evidence supporting the

nearest neighbor scaling hypothesis for two nor-

mally distributed classes in Etn. The data sug-

gests that the risk converges at rates of order
~–2/n

theorem. The convergence thus occurs at rates

of order rn-’ln.

[
fz(x) = N. exp –

(ZI + P)2 + X;=2 x;

2U’ 1>
Using the explicit expressions for the coeffi-

cients obtained under Hypotheses H 1 through

H4, a broken curve is plotted for each dimen-

sionalit y. As Hypothesis H4 is clearly violated,

the close agreement between the theoretical and

experiment al curves is surprising. In this case

it suggests that the net boundary contributions

to the finite sample risk are very small, if not

exponentially subdominant. 1

The next example suggests that Hypothe-

sis H2 is not necessary to obtain an asymptotic

scaling law similar to the one predicted by our

convergence theorem.

EXAMPLE: Normal Distributions

Consider the classification problem de-

scribed in JR” by the two normal class-

conditional densities,

[ 1(3, - P)2 + E;=2 ~; ,

fI (x) = N. exp – 2.2

where N. = (27rcr2 )–”/2, and prior probabili-

ties, PI = P2 = 1/2. Using (3), the risk of the

nearest neighbor classifier tends to

Rca = J
~–p~/20~ co

e
()

‘x dx.
–X2/’025ech _

ufi 1) d

For p = u = 1, a numerical integration yields

R ~ z 0.22480, which is consistent with the

Bayes risk, R~ = (1/2) erfc(l/@ % 0.15865.

Fi~. 4 summarizes the outcomes of numer-

ous simulations of nearest neighbor classifiers

operating on data from this family of normal

distributions with n = 1 through n = 5. The

broken lines indicate the power law (11), where

the coefficient C2 was chosen to obtain a con-

vincing fit. (For this example, violation of Hy-

pothesis H2 causes the expression for C2 in (5)

to diverge.) The close agreement suggests that

an asymptotic expression for Rm, in a form sim-

ilar to (1), exists. I

Finally, we consider what can happen when

100



Fig. 5 indicates the asvmt)totic trends ev-

loglo(m)

Figure 5: Numerical evidence supporting the

nearest neighbor scaling hypothesis for two,

nonoverlapping, uniformly distributed classes

in Etn. The broken lines depict curves of the

form Rm = am ‘~ln, where the coefficient a was

chosen to obtain a convincing fit.

the smoothness condition, Hypothesis H3, is re-

laxed.

EXAMPLE: Non overlapping Uniform Distribu-

tions

This case can be illustrated by two

nonoverlapping, uniform distributions over the

n-dimensional unit cube [0, I)n, Explicitly, we

assume that the a priori probabilities of the two

classes are equal, PI = P2 = 1/2, and that

fl(x) =
{

2 if O~xl<*

O if~sxl<l,

fz(x) =
{

O ifO~xl<~

2 if~~zl<l.

For n = 1, a direct calculation yields

1 1

‘~=2(m+l)+ ~’

which corresponds to the case c1 # O. Because

of analytical complications at the boundary, it

is much more difficult to obtain expressions for

R~ in higher dimensions.

. .
idenced by a similar set of numerical experi-

ments for the nearest neighbor classifier with

this distribution. For each dimensionalitv. the

discontinuity at Z1 = 1/2, rules out tie ex-

istence of the uniform asymptotic expansions

assumed by Hypothesis H3 for each class-

conditional density. In this case, the rates of

convergence tend” to be governed by a lead-

ing term proportional to m – lln. This suggests

that moblems described bv densities with Diece-

wise ‘discontinuities are more difficult to learn.

The necessitv of some de!zree of smoothness

for rapid con~ergence is un~erscored by Cover’s

construction of a discrete classification problem

for which the nearest neighbor classifier con-

verges at an arbitrarily slow rate, even in one

dimension [COV68]. I

6 CONCLUSION

The examples developed in the previous sec-

tion indicate that the conditions under which

Theorem 3.1 was proved are not strictly nec-

essary. While some degree of smoothness (such

as Hypotheses H1 and H3) appears to be neces-

sary if reasonable performance is to be attained,

it may be possible to relax the constraints im-

posed by Hypotheses H2 and H4. The difficul-

ties here appear to be purely technical involving

boundary effects that may not be resolvable in

a general way.

In fine, the complete asymptotic series ex-

pansions for the finite-sample risk developed

in the theorem allow us to not just investi-

gate the large sample behavior of the classi-

fier, but the small sample behavior as well. In-

deed, our numerical simulations indicate that

the leading asymptotic terms may dominate

the convergence of Rm for practical sample

sizes. The main results proved in this paper

also vividly illustrate Bellman’s curse of di-

mensionalit y: the finite-sample nearest neigh-

bor risk Rm approaches its infinite-sample limit

RW only as slowly as the order of m-21n (or,

even slower if the distributions are not smooth

enough). Conversely, this indicates that the

sample complexity demanded by the nearest

neighbor algorithm to achieve acceptable lev-

els of performance grows exponentially with the

dimension n for a typical classification problem.
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