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A THRESHOLD FUNCTION FOR HARMONIC UPDATE*

SHAO C. FANG! AND SANTOSH S. VENKATESHT

Abstract. Harmonic update is a randomized on-line algorithm which, given a random m-set of
vertices U(m) C {—1,1}" in the n-dimensional cube, generates a random vertex w € {—1,1}" as
a putative solution to the system of linear inequalities: Z?:l w;u; > 0 for each u € U(m). Using
tools from large deviation multivariate normal approximation and Poisson approximation, we show
that \/ﬁ/\ /logn is a threshold function for the property that the vertex w generated by harmonic
update has positive inner product with each vertex in U(m). More explicitly, let P(n,m) denote the
probability that Zzlzl w;u; > 0 for each u € U(m). Then, as n — oo, P(n,m) — 0 or 1 according

to whether m = m,, varies with n such that m > \/ﬁ/w /logn or m K \/ﬁ/w /logn, respectively.
The analysis also exposes the fine structure of the threshold function.
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1. Information and finite memory. How much information can a single bit
of memory updated on-line retain about a Bernoulli sequence? More specifically, the
following problem was posed by J. Komlés. Write B = {—1,1} and let {u(f‘),t >1}
be a sequence of symmetric Bernoulli trials, where

NOm —1 with probability 1/2,

+1 with probability 1/2.

Suppose a single bit of memory w € B is available to record this sequence; write w(®*) €
B for the state of the one-bit memory at epoch ¢ (with w(!) € B being an arbitrary
initial state of memory). We suppose that input bits u®) arrive sequentially in time
and memory updates (w(t),u(t)) — w1 proceed on-line governed by a sequence
{f(t): BxB—B | t> 1} of (possibly random) Boolean functions of two Boolean
variables: w1 = f® (w® u®). After m epochs, input bits uV),...,u(™ have
been presented sequentially in time leading to the current state of memory w(™m+1) e
B, which now constitutes the sole “record” (insofar as a single bit may be said to
constitute a record) of the entire past, i.e., the sequence of bits uM | ul™ . One
measure of the efficacy of the update sequence { f (t)} in storing information up to this
moment in the one-bit memory is the minimum covariance min; <¢<m, E(w(m“'l)u(t)):
a minimum covariance of zero implies that there is at least one bit in the past about
which the one-bit memory carries no information; a positive minimum covariance,
on the other hand, indicates that the single bit of memory carries information about
every one of the inputs in the past. In this context, Komlés posed the following
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problem: what is I,, £ Maxp)  pom) minlStSmE(w(mH)u(”)? The quantity I,
may be taken as an intrinsic measure of the amount of information that a single bit
of memory updated on-line can retain about each past input.
In [12], Venkatesh and Franklin provide comprehensive answers to this and related
questions. In particular, they show that
<, <

m —

2
m’
whence I, = @(m’l). Their results also directly imply that any sequence of deter-
ministic update rules { f (t)} yields exponentially small (in m) minimum covariances

at best and hence that the optimal sequence of update rules { fé;)t} is necessarily
randomized.

Consider an application of this notion of on-line information storage to the follow-
ing classical problem in mathematical programming. Let B™ = {—1,1}" denote the
vertices of a cube in n dimensions and let U(m) = { u(t), 1<t< m} be a random m-
set of vertices in B™ obtained by independent sampling from the uniform distribution
on B". Write u® = (ugt), . ,ugf)). Does there exist a vertex w = (wy, ..., w,) € B®
for which the inequalities

wlugl) + wguél) + -+ wnug) >0

(1.1) wi? +wau? + -+ wpui?) 2 0

wlugm) + wguém) T+t wui™ >0

are simultaneously satisfied? Let (-,-) denote the usual inner product in Euclidean
n-space R™. Then each point w in R"™ determines a positive half-space defined by
HF(w)={ueR": {w,u) >0}. Geometrically speaking, our question is equivalent
to asking whether there exists a vertex w € B™ such that the convex hull of U(m) is
contained in the positive half-space determined by w.!

If w is allowed to range over R™ \ {0}, the problem is just an instance of linear
programming and a solution to the system of inequalities (1.1), if one exists, can be
found in polynomial time using interior point methods (cf. Karmarkar [6]). When,
however, w is restricted to the vertices of the n-dimensional cube, the decision problem
becomes NP-complete as an instance of binary integer programming (cf. Garey and
Johnson [5], Pitt and Valiant [7]).

Consider an on-line programming scenario in which the random examples u®
comprising U(m) arrive in sequence at epochs t = 1,..., m. In the information storage
analogy, we are provided with n bits of memory and access to a sequence of memory
update rules { fO: B xB" — B” | t>1 } Starting from an arbitrary initial memory
state w(1) € B, we then recursively generate memory states w(ttl) = f(®) (w(t)7 u®)
for t > 1. The on-line procedure is successful if, after presentation of the mth example
u™ | the vertex (“memory state”) w = w1 generated by the algorithm satisfies
the system of linear inequalities (1.1).

In [11], a sequence of randomized update rules {f(’f)}7 dubbed harmonic update,

is constructed starting from the following trivial observations: (i) for each ¢, the sum
()

K3

> w,»ul(.t) is more likely to be positive if the individual summands w;u; ~ are likely

IThe above mathematical programming problem can also be formulated as a learning problem
in a formal model of a neuron or perceptron (cf. Fang and Venkatesh [1]).
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(m—+1)

to be positive, i.e., if the random element w; = w; is positively correlated with

ugt), and (ii) the smallest of the inner products (w, u¥)) must be nonnegative if (1.1)
is to hold. Looking at the ith column (1 < ¢ < n) in (1.1), these considerations
suggest that the update rules be chosen so that minlStSmE(wiugt)) is maximized.
The optimal update rules for Komlds’s problem would do very nicely here if they could
be determined explicitly; applying the optimal one-bit memory update rules n times,
once for every component, will maximize the smallest expectation of the summands
in each column, as desired. Harmonic update uses auxiliary randomization in an
attempt to achieve this desideratum.

Harmonic update. Given examples u® = (ug), . ,usf)) € B"™ presented se-

quentially at epochs t = 1,...,m, the algorithm recursively generates a sequence of

wgtﬂ), .. .,w,&tﬂ)) € B", where w1 is a random

function of w® and u® only. After m epochs, the algorithm returns the final n-bit

memory state w £ w(™t1) as a putative vertex solution to the system of inequali-

ties (1.1).

H1. [Initialize.] Set w(!) = (wgl), . ,wg)) to be an arbitrary vertex in B™. Set
t«— 1.

H2. [New example.] Obtain example u®.

H3. [Reinitialize component index.] Set ¢ < 1.

H4. [Update memory components.| If wl(t) = ugt), set w

)

n-bit memory states w1 = (

(t+1) w(t); else if w

% i

" =
K
—uz(-t , set

WD

i =

fwgt) with probability 1/¢,
—l—wgt) with probability 1 — 1/¢.

HS5. [Iterate.] Set ¢ « i+ 1. If i < n, go back to step H4; otherwise set ¢t «— ¢ + 1.
If t < m go back to step H2; otherwise set w = w(™*t1) and terminate the
algorithm.

Remarks.

Computation. While the actual memory updates in step H4 are done in place, it
is convenient to keep the notation w®) to identify the state of the memory at epoch
t for purposes of later analysis.

Probability space. It is assumed implicitly that the auxiliary randomization in
step H4 is independent across ¢ and ¢; in particular, we can assume that a biased coin
with the appropriate success probability is tossed independently each time step H4 is
encountered.

The intuition behind the algorithm is as follows: at epoch ¢, the current state

wgt) of the ith memory component presumably contains information about the ith

components of the first ¢t — 1 examples. No problem arises in updating the state of the
(t)

ith bit of memory if the ith component u,; ~ of the current example has the same sign

as the current state wgt) of the ith memory component; setting wgtﬂ) = wgt) adds ul(-t)
to the knowledge base at no cost to the previously stored components. Complications
arise, however, if wz(t) and ugt) have opposite signs. In this case, retaining the sign of
wgt) results in all information about uz(»t) being irrevocably lost; conversely, changing
the sign of wgt) results in a loss of information about ul(.l), . ,uz(-t_l). The solution
in this case is to change the sign of the ¢th bit of memory probabilistically—and

with increasing reluctance as time passes (when there is presumably considerable
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past history stored in the bit of memory). The exact measure of this reluctance to
change the sign of the memory bit with increasing time is given probabilistically by
the harmonic sequence? 1/t. The effect of this randomized update rule is to ensure
that each component of memory retains an equal amount of information about the
corresponding component of every example.

As m increases, the probability that there exists any solution for the system of
inequalities (1.1) decreases monotonically, and for large enough m the random vertex
set U(m) will fail to be linearly separable (in the sense that there is no solution
for (1.1)) with high probability. In what follows we allow m = m,, to depend implicitly
on the dimensionality n. Our goal is to determine the “largest” rate of increase of m
with n for which the system of inequalities (1.1) is satisfied with asymptotically high
probability as n — co. In the language of random graphs (cf. Spencer [10]), we wish
to determine a threshold function for the property that (1.1) is satisfied.

Indeed, Fiiredi [4] showed that 2n is a threshold function for the property that
there exists a real vector w € R™\ {0} satisfying (1.1). (Equivalently, 2n is a thresh-
old function for the property that the convex hull of the random vertex set U(m)
contains the origin.) When restricted to vertex solutions for (1.1), we may expect the
probability that there exists a solution w € B" satisfying (1.1) to decay rather faster
with m. In fact, a trite application of Boole’s inequality readily establishes n as an
upper bound for the rate of growth of m for any algorithm if we are to hold out hopes
for a solution in B™ for (1.1). Informally, if m grows faster than n, then (1.1) admits
no solution in B"™ with probability 1 — 0(1). Much sharper results can be shown for
harmonic update, and the following theorem, which is our main result, exposes the
fine structure of a threshold function for the algorithm.

Let w € B™ be the vertex generated by harmonic update and write H= (w) =
{ueR": (w,u) <0} for the negative half-space determined by w. Let Z = Z,, ,, =
|U(m) N H_(W)‘ denote the number of u® (1 < ¢ < m) that fall into the negative
half-space determined by the vector w generated by harmonic update. Our main
theorem shows that for a suitable rate of growth of m = m, with n, the random
variable Z,, ,,, has a limiting Poisson distribution as n — co. A sharp threshold for
the event of interest {Z,, ,, = 0} that w has positive inner product with each vertex
in the random m-set U(m) follows immediately.

MAIN THEOREM. Let A > 0 be any fized positive number and suppose that m =
My, grows with n such that

n loglogn + log ()\\/ 27 ) loglogn
1.2 n=1/ 1 .
(1.2) " logn { + logn +0 (logn)?

Then Z,, m, tends in distribution to Po()\), the Poisson distribution with parameter
A, as n — oo. In particular, for each fized k,

/\k
P{Z, m, =k} — T e

asn — oo.

COROLLARY. Write P(n,m) = P{Z,, ,, = 0} for the probability that the vertex
w € B" generated by harmonic update satisfies the system of inequalities (1.1). Then,
with m = m,, as in (1.2), P(n,m) — e~ as n — oo. In particular, for every fized
€ > 0, the following assertions hold:

2Hence we have the name harmonic update.
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n

(a) if m varies with n such that m < (1 —¢€), /5

then P(n,m) — 1 as n — oo,

(b) if m varies with n such that m > (1+¢), /2 then P(n,m) — 0 as n — oo.

In other words, \/n /\/ log n is a threshold function for the attribute that the binary
vector w generated by harmonic update satisfies the system of linear inequalities (1.1).

Remark. The Main Theorem provides a lower bound for the rate of growth of
m with n for which a vertex solution exists for the system of inequalities (1.1). At
this point, it is natural to wonder if the gap between the lower bound /n /\/log n and
the upper bound n can be reduced by increasing the computational complexity of the
memory update rule. Indeed, substantial improvements in information storage can
accrue if off-line procedures are permitted or the examples are recycled infinitely often
in an on-line scenario [11, 12]. For instance, the majority rule algorithm introduced
in [11] is an off-line procedure which, given the random m-set of examples U(m),
selects a vertex closest to the centroid of U(m) as a putative solution to (1.1). In

a companion exposition [2], we established a threshold function for majority rule at
n
mlogn®

The rest of the paper is devoted to a proof of the Main Theorem. The main
technical tools used in the proof are multivariate normal approximation and Poisson
approximation, the former via a multivariate integral limit theorem for large devia-
tions and the latter in the form of a probabilistic sieve. These technical results are
collected in the next section for ease of later reference. The proof follows.

2. Preliminaries.

Notation. As already indicated, we use B to denote the set {—1,1}, with B" =
{=1,1}" the vertices of the cube in n dimensions. The set of all integers is de-
noted by Z, with Z™ denoting the corresponding set of lattice points in n dimensions.
Also, we denote the real line by R, with R™ denoting n-dimensional Euclidean space
equipped with the usual inner product (x,y) = >, z;y; and the induced norm
x| = (x,x)"/2. If x = (x1,...,2,) and y = (y1,...,yn) are points in R, the vector
inequality x > y means that the scalar inequalities x; > y; hold for each i =1,...,n;
likewise, the vector inequality x > y means that the corresponding componentwise
inequalities are strict: z; > y; (1 < i < n). We write 0 for the vector (0,...,0)
with all components identically 0 and 1 for the vector (1,...,1) with all components
identically 1. Superscripts r, s, and ¢t and subscripts ¢ and j are employed exclusively
to index vectors and their components, respectively.

For purposes of definiteness in vector—matrix operations we assume that all vectors
are row vectors; a prime (’ ) denotes vector and matrix transpose. We also reuse the
notation |V| to denote the determinant of a square matrix V' as well as the cardinality
of a set V. The usage will be clear from the context.

Throughout, P stands for probability measure on the underlying probability space,
E denotes expectation, Var denotes variance, and Cov denotes covariance. For any
integer k > 1, if X = (Xy,...,X}) is a Gaussian (row) vector with zero mean,
E X = 0, and nondegenerate covariance matrix K = Cov(X) = E(X'X), |K]| > 0, we
write

N 1 —%xKﬁlx/
¢K(X) - (27T)k/2|K|1/2 e

for the multivariate Gaussian density, and likewise

@K(X) é/< gi)K(u)du
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for the multivariate Gaussian distribution function. For the univariate case we simply
write ¢(z) and ®(z) for the standard M (0,1) Gaussian density and distribution,
respectively.

All logarithms are to base e.

We use standard asymptotic order notation with the following caveats: if {h,}
and {gn} denote real sequences, by h, = O(g,) we mean that |h,|/|gn| is bounded
above; in particular, sign information is explicitly jettisoned in our use of the “big-oh”
notation. In addition, we will find it expedient to occasionally use the more graphic
hn < gn and hy, > g, to mean h, = o(gy) and h,, = w(g,), respectively.

In what follows we will be concerned with asymptotics as n — oo, and we will
allow the number of elements m in the random vertex set U(m) to depend on n. As
a notational convention, however, we shall frequently write simply m instead of the
more explicit m,,, while keeping in mind that m is to be thought of as a function of
n.

Technical lemmas. The method of proof of the Main Theorem is to reduce the
problem to the study of a random walk S,, where, for each n, S,, is the row sum of
a triangular array of lattice variables. The principal result that will be needed is a
sharp estimate for the probability of large deviations of the walk S,,. The setup is as
follows.

Let k be a fixed positive integer and consider a triangular array of k-dimensional
lattice random vectors

k .
X = (XW o xE) =1, s n=1,2,..),
where, for each n, the random vectors X,,1, ..., X, comprising the nth row of the

array are independent, identically distributed lattice random vectors with probability
one support in {0,1}* and with common distribution p,(x) = IF’{XM = x}, where
P, (0) > 0 and p,(e,) > 0 for each of the canonical unit vectors e, € {0,1}* (1
v < k).3 Observe that the distribution of X,,; has minimal lattice Z*. Write p,,
(,usll), . ,u;’“)) £ E(X,;) for the mean vector and V;, £ Cov(X,;) = E(X/,;X,;) —
o, for the covariance matrix.

Specializing to the case of interest, we assume that there exists a discrete prob-
ability distribution p(x) with probability one support in the vertices of the cube
x € {0,1}* such that p,(x) — p(x) as n — oo for each x € {0,1}*. We suppose that,
for each n,

I IA

2 g
o, ift=s,

X(t) X(s) -k X(t»)f (t) X(S)i ()1 —
COV( nt nl) {( n lu‘n )( ni H’n )} wn 1ft7és,

whence the covariance matrix of X,,; is of the form

V, = Cov(X,) = |¥n n ¥n oo n

We will suppose that, as n — oo, 1, — 0 and 02 — o2 for some positive constant o2.
In particular, observe that V;, is nonsingular for sufficiently large n and |V,| — o%*
as n — oo.

3For k > 1 we can dispense with the condition p,(0) > 0.
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For each n, form the lattice random vector S,, as the row sum

Sp =Y X
=1

We are interested in the tails of the random walk S,, in Z*. Write

"

for the normalized row sum. The following result is a global version of an extension
of a large deviation local limit theorem for sums of independent random vectors due
to Richter [8, Theorem 2] to row sums of triangular arrays. The proof of the result
follows easily along the lines of Richter’s proof and is sketched in [2]. We omit the
derivation here.

LEMMA 2.1 (large deviation global limit theorem). Suppose &, = (g,(}), cee flk))
is any sequence of positive real vectors whose components satisfy 1 < 57(55) < nl/6
(1 <t<k)asn— oo. Then under the previous assumptions

P{S; > &,.} ~ Py, (=&,) and likewise P{S; < =&} ~ ®y, (-&,)

as n — o0o.
Remark. Observe that asymptotic normality persists for deviations of S,, from
the mean as large as o (n2/ 3), which admits of deviations much larger than the O(\/ﬁ)
deviations, which are the province of the standard central limit theorem.
It will be convenient in the analysis to find an elementary estimate of the multi-
variate Gaussian tail in Lemma 2.1. For the univariate case, the classical estimate of
the tail ®(—z) of the Gaussian can be expressed in terms of Mill’s ratio in the form

~ T (z — 00).

(See Feller [3, Lemma VII.1.2], for example.) The following specialization of a result
of Ruben yields an analogous result for the multivariate case. We refer the reader to
Ruben’s paper [9] for the proof.

LEMMA 2.2 (multivariate Mill’s ratio). Let {A(p,)} be a sequence of k x k
covariance matrices, where A(py) has unity as its diagonal elements and p, as its
off-diagonal elements, and suppose p, — 0 as n — oco. Let {z,} be any positive
sequence satisfying x, — 0o as n — oco. Then, writing 1 € R* for the vector with all
components identically 1, we have the asymptotic estimate

DA (p) (—2nl) ~ 2, D Ao, (20 1)

as n — o0o.
Observe that the classical estimate for the tail of the univariate Gaussian follows
directly with £ = 1 and K = [1].
The final technical result that will be needed is a probabilistic sieve. Suppose
{B,(Lt )} is a triangular array of events in a probability space with m, events (1 <

t < m,) in the nth row, and let {3§f )} denote the corresponding triangular array

of indicator random variables for these events. Let Z,,,, = Z;n:l 555) denote the
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number of events that occur simultaneously in the nth row. We will be interested in
the limiting distribution of the row sums Z,, ,,,, .
Additionally, for each k =1,...,m, and each n =1,2,...,define

S = SOB{BIY N0 BV = FTEGE ),

where the sum is over all subsets {t1, ..., ¢} of cardinality k drawn from {1,...,m,}.
Observe that 51(11,27% =E Z,, m,, while, in general, S,(L]?nn = E(ny]mn/k!), where Zy[,k,}mn
denotes the number of ordered k-sets of events (no repetition) in the nth row for which
all k events occur simultaneously.

LEMMA 2.3 (Poisson tendency). Suppose there is a constant A such that, for

every fized k, Sr(f,)nn — AF/E! as n — oo. Then Zn.m, converges in distribution to
Po(A), the Poisson distribution with parameter X. In particular, for every fized k,

)\k
P{Z, m, =k} — T e A

as n — oo.

The proof follows directly from inclusion and exclusion by use of Bonferroni’s
inequalities to bound on both sides the probability P{Z,, ,,, = k} that exactly k of
the events in the nth row occur simultaneously (cf. Feller [3, Theorem IV.3.1], for
instance). We omit the standard proof.

3. Proof of Main Theorem. We are interested in the probability

Pln,m) = P{ﬂ{m,u% >0 -1 IP’{]£=L71J1{<w,u<t>> <o}

of the event that w = w(™+1) has positive inner product with each vertex in U(m).
The following gives a thumbnail sketch of the principal ideas involved in the estima-
tion of P(n,m). We begin by showing via elementary arguments that the random
summands Yi(t) £ wiugt) (1 <t < m) are exchangeable and then evaluate the first
two mixed moments. Invoking Lemma 2.1, we then proceed to show that the events
{(w7 u(t)> < O} are governed asymptotically by a normal law even though the tail
probabilities of interest correspond to deviations from the mean rather larger than
the O(\/ﬁ ) deviations that fall under the usual province of the central limit theorem.
Direct calculations of the relevant probabilities are still difficult, however, because
of insidious statistical dependencies, albeit somewhat weak, evinced in the events
{(w, u(t)> < O}. The next stage in the proof involves quelling these dependencies with
a firm hand using Lemma 2.2 to conclude that the events of interest are “asymptoti-
cally independent.” The method of inclusion and exclusion embodied in Lemma 2.3
then allows us to conclude that, in the range of interest, the distribution of errors
{(w, u(t)) < O} approaches a Poisson distribution asymptotically. The final stage of
the calculation is a relatively straightforward bootstrap which rapidly produces an
estimate of the critical sample size m by successive approximation.

A. Exchangeable random variables. Since the m-set of examples U(m) =
{u(l), . ,u(m)} is generated by independent sampling from the uniform distribution
on the vertices B™, it follows that the example components {uz(-t),l <t<m,1<
i < n} are independent, identically distributed random variables taking values —1
and +1 only, each with probability 1/2. Now, for each ¢, the ith memory component
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is a (random) function solely of ugl), . ,ugm). It is clear by symmetry
that for every sample path which results in w; = +1 there exists a sample path of equal
probability (its reflection) which results in w; = —1, and vice versa. Consequently, w;
is a symmetric Bernoulli random variable taking values —1 and +1 only, each with
probability 1/2. Furthermore, as ¢ runs through 1 to n, the sets {ugl), ey ugm)} par-

tition the set of mn example components {uz(-t)} into n disjoint, identically distributed
subsets. It follows that the memory components {w;,1 < ¢ < n} are independent,
identically distributed symmetric binary random variables.

We begin with a preliminary result. Fix the index ¢ and recall that wgr) eB
represents the state of the ith bit of memory following the presentation of the (r—1)th
example ul"=1 . Write

Drite, ..., th S ]P’{wz(T) — ugtl) — ... = ’U,Etk)}
for every choice of epochs t1, ..., tg, 7.

ASSERTION 1. Let k and r be any fized integers in the range 1 < k <r <m+ 1.

Then

Prity,.. try = Q_k(l + %)

for every selection of k distinct epochs t1, . .., ty satisfyingl <t; <r—1(1<j<k).

Proof. To keep the notation unencumbered, suppress the subscript ¢ and simply
write w(") and u® instead of the explicit wzm and ugt). We may also assume without
loss of generality that the indices are so ordered that 1 <t <ty < - <t <r—1
as Prity,...t, 1S invariant with respect to the permutation of the indices ¢1,...,t;. The
proof of the assertion is by induction over r, k, and ¢4, ..., ts.

Induction base: With £ =1, t; = 1, and » = 2, we have
po1 =P{lw® =M} =1=1(1+1).
Induction hypothesis: For some 2 < r < m, suppose that

Prityyotr =27 (1+ 25) A<k<r—1;1<t;<---<tp<r—1).

r

Now consider py41:4,,....¢,.- We break the induction into two cases.
Casel: 1<k<r—1,1<t <--- <t <r—1. Conditioning on w(r), we obtain

P{wT+D) =yt = ... = &) =1}
- [p{w(TJrl) -1 | w = 1} ]p{w(r) — ) — = ) = 1}
+ P{w"™ =1 w® = -1} P{w® = -1,u™ = ... =4 =1}
as w1 is conditionally independent of u(*1), ... u(*) given w(™ for 1 <t; < --- <

ti, < r —1. The conditional probabilities are readily evaluated: condition on u(") and
exploit the independence of u(™ and w(") to obtain

]P’{w(rﬂ) =1 | w™ = 1} =
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The reflection principle shows that the random variables { w(r), 2<r<m+l1 } have
symmetric marginal distributions

P{w(r):—l}:P{w(T):—i—l}:% 2<r<m+1).
A simple application of Bayes’s rule hence yields

P{w(r-H) =1 ‘ w = —1} = ]P’{w(r) -1 | wrtD) — 1} —1_ P{w(r) -1 | wr D) — 1}
S <1 [u <1} = 4,

the last step following from (3.1). It follows that

P{w(r"'l) — ) = = g () = 1} _ (1 _ %) ]P’{w(r) — ) — = ) = 1}
+ a4 ]P’{w(T) =—1,uM) =... =yt = 1}.

Now observe that

P{w® = —1,ut) = .. = u®) =1} = 27F Pl = y®) = ... =y =1},
whence

P{wTtD) = 4t) = ... = 4 =1} = % + (1= HP{w® =) = =4 =1},
Likewise,

Plw) =yt = =yt = 1} = % (1-HP{w® =u® = ... =yt = 1},

It follows that for 1 <k <r—land 1 <t; <--- <t <r-—1

Pr4tsta,.ty = ? + (1 — %)pml ,,,,, te = 2*’6(1 4 %)

by the induction hypothesis.
Case2: 1 <k<r, 1<t <--- <ty =r. Conditioning on w(™) again, we obtain

PLu ) = ) = = ) =1} = Pl D = ) = = ) — ) Z 1)
=1 P{w) =1 0w = -1,u™ =1} P{lw™ = 1,0 = ... = o) =1}
+ % P{w(r+l) =1 ‘ w('r) = u(r) = 1} P{w(r) = U(tl) == U(tkil) - 1}
as w1 is conditionally independent of u®) ... u®-1) given w(™ and u(”), and
u(" is independent of w(") and ), . .. ult*~1) 4 The conditional probabilities above
are completely determined by the auxiliary randomization in the algorithm. Hence
P{w(”‘l) =) = .. = g (t8) = 1} — % }p{w(r) =) = .= 1) — 1}
+ % ]p{w(r) — —l,u(tl) = o= qlte-1) = 1}.

Now observe that

]}D{w(r) =10t = ... = yl-1) = 1} = o—(k=1) _ p{w(r) =) — o= (k1) — 1},

4 As usual, we identify the joint event ﬂf;ll{u(tﬂ = 1} with the certain event if k = 1.
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whence
Plw D) =) = .. =) =1} = 2; + (3 = DYP{w® = o) = ... = yte-1)
A completely analogous argument gives
P{w(r+1) =ut) = =yt =) = —1}
=28 (Lo Lyply® =yt = ... =yt = 1},
It follows that
Pritstete v = 2o + 2 (1= Dpy

Applying the induction hypothesis, it follows that
DPr41ity,.. tx — Q—k(l + %) (1 <k<rml<t] < <t <tp= 7,)’

as was to be shown. The two cases taken together completes the induction. ]

Now define the random variables

Yi(t) £ wiul(-t) (I1<t<m;1<i<n).

Observe that, for each t, <w, u(t)> =3, Yi(t) is a sum of independent, identically
distributed +1 random variables, i.e., a random walk on the line. The walk is asym-
metric with a positive drift, as we shall see shortly.

In what follows it will be slightly more convenient to consider the related (0,1)
random variables

X =11+v")  a<t<m1<i<n),

whence (w,u®) =231 | Xi(t) —n. Consider the random set X; £ {Xi(l)7 . ,Xfm)}.
(1) (m)
u;

Since w; is a function only of w,”’,..., , it follows that A} is also determined

only by ugl), . ,ul(-m). Consequently, the random sets X7i,..., A&, are statistically
independent and have identical (joint) distributions. Assertion 1 now allows us to
explicitly characterize the joint distribution of the random set &;.

For every choice of epochs t1,...,%p, ty41,...,te+e, Write

Ap{x™ =1, x" =1, x") —o,. . x) — o).

Amity,... ty ity 41, tpte ] 3

It will also be convenient to define
Fn(h,8) £ 27049 (14 828),

Observe that pmt1:t,....tp = fm(k,0) by Assertion 1. As an immediate consequence,
we have the following.

ASSERTION 2. The (0,1) random variables Xi(l), . ,Xi(m) are exchangeable. In
particular,
(32) qmstq,..., thity+1se-e th4e — fm(bvé)

for every pair of nonnegative integers b and € with h++t < m and h+¥ distinct indices
t17'~-7th+8 m {1,...7m}.
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Remark. In accordance with usual convention, we identify the joint event

b h+t
N{x =130 N {x) =0}
j=1

j=h+1

with the certain event if h = £ = 0. The assertion then holds when h = £ = 0 as well
when the desired probability is identically f,,(0,0) = 1.

Proof. The result follows quickly by induction on €.

Induction base: When £ = 0, it follows immediately that for every 0 < h < m,

Qm;tl,.“,th = ]P){XZ(tI) — 1, . ’Xi(tll) = 1} = pm+1;t1,..4,th = 2_b(1 + %) = fm(b’o)

depends only on h and m and is independent of the choice of (distinct) indices
t1,...,ty. The proof is completed by induction over €.

Induction hypothesis: Suppose that for some choice of € > 0, (3.2) holds for
every ) > 0 with h + € < m and every choice of h + € distinct indices t1,...,1y,
ty+1,---,tp4e in {1,...,m}. It follows that, for every h > 0 with h+¢+1 < m
and every distinct collection of § + € + 1 indices t1,...,ty, ty41, th4+2,- .., tpret1 i
{1,...,m},

Amisty,.. tyitg41,tp42.eotopetr — Amite,.tostypo,otppers — Amite,. by to41ito42,- o thet1

= fm(haé) - fm(h + ]-aE)
= fm(va‘F 1)7

the penultimate step following from the induction hypothesis and the last step fol-
lowing by the definition of f,,,. This completes the induction. ]
The moments of the random variables Xi(l), ceey xm

,  are now readily determined.
In particular,

p2E(XY) = fn(1,0) = § + 24

2m?
o? 2 Var(X") = fn(1,0) = fm(1,002 = 1 = 15,
(4 £ COV(XZ'(S)axi(t)) = fm(QaO) - fm(LO)Q == 417112 (S 7 t)’
= % == m2171 = (’)(m_2).

B. Normal tendency. Now consider the random walks

n

<w,u(t)>:2wiugt):2ZX£t)fn (1<t<m).
i=1

i=1

Recall that the n random sets &; = {Xi(l),...,Xi(m)} (I <4 < n) are mutually
independent with identical joint distributions. It now follows as a consequence of
Assertion 2 that the random variables <w, u(1)>, R <W, u(m)> are exchangeable.

Let k be any fixed positive integer and consider any distinct set of k indices
t1,...,tg in {1,...,m}. Write

Bom(k) = P{<W,u(t1)> <0,..., <W,u(tk)> < O}.

Note that B, n, (k) is just the probability that any given k inequalities in (1.1) are
violated, where the random w is determined by harmonic update. Since the random
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walks (w,u®) (1 <t < m) are exchangeable random variables, B, (k) does not
depend on the specific choice of indices t; and we may suppose without any loss of
generality that t; = j (1 < j < k). Thus,

B (k) = P{{w,u) <0,...,(w,u®) <0} = P{fo” <z > xP< g}
=1 i=1

Let us now explicitly allow m = m,, to vary with n and acknowledge this depen-
dence on n by writing,

X =xW=11+wul”)  (1<t<my1<i<n),

ni %
where ugt) = USB (1 <t <mp;1<i<n)arethe components of the random examples
and w; = wy; (1 < i < n) are the components of the memory state determined by
harmonic update. Now consider the triangular array of k-dimensional lattice random
vectors

Xpi= (X, xBY =1, m5n=1,2,...).
For each n, the random vectors X1, ..., X, comprising the nth row of the array

are independent, identically distributed lattice random vectors with probability one
support in {0,1}*. Let p,(x) = P{X,; = x} (x € {0,1}*) denote the distribution
of X,;. Write |x| for the number of components of x € {0,1}* that take value one
(this is just the L' vector norm in this case). Observe then, as a consequence of
Assertion 2, that

pn(x) = fmn(

x|, k — |x]) :;(HQ":;]“) (x € {0,1}%).

n

Suppose m,, — 00 as n — oo. Then, for sufficiently large n, p,(x) > 0 for every
x € {0,1}*; in particular, X,,; takes values 0, ej,...,e, (where e, (1 < v < k)
denotes the canonical unit vectors in {0, 1}*) with positive probability. Furthermore,
Pn(x) — 27% (uniformly) for all x € {0, 1}*, whence the distribution of X,,; becomes
uniform over {0,1}* in the limit.

Let us also explicitly write

for the mean, variance, and correlation coefficient, respectively, of the (0,1) random
variables Xr(fi) (1 <t <my). We then have

E(Xni) = ty, = pinl,
Cov(Xni) = Vi = 02 A(pn),

where, as before, A(p,) denotes a k X k covariance matrix which has unity as its
diagonal elements and p,, as its off-diagonal elements. Observe that u,, — %, o2 — %,
and p, — 0 if m, > 1 as n — co.

Everything is now set for an application of Lemma 2.1.
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ASSERTION 3. If m = m,, increases with n in such a way that n'/? < m,, < n'/?
then, for every fized positive integer k,

n

P (k) ~ Pagpy (- 42 1)

asn — oo.
Proof. Form the row sums and the corresponding normalized row sums

. 1 n
Sn = ZXM7 S, = % Z(X'rbi - Il'n)’
] =1

and define the sequence

gné(/‘n*%)\/ﬁ:ﬁ

2m,

We then obtain
PBr,m, (k) = P{Sn <7z 1} = ]P’{S; < —§n1}.

Observe that in the range n'/3 < m, < n'/? we have 1 < &, < n'/% as n — oo.
Applying Lemma 2.1, we hence obtain

mn,mn (k> ~ év'n (% 1) = q)A(pn) (#\/ﬂi 1) (n - OO)
Now observe that

A= 51 ?) ™ = 14 0] = 2+ O() = 2+ ()

20, Mn My, n

when m,, > n'/3. Furthermore, pn — 0 as n — oo, whence the covariance matrix
A(py) and its inverse converge componentwise to the identity matrix. Consequently,
Brm, (k) ~ Pagp,) (;m‘{ﬁ 1) as n — oo. O

We can parlay the asymptotic normality of finite sets of the random variables
<w, u(t)> into a statement about the distribution of errors. This follows next.

C. Poisson tendency. We begin by exploiting the fact that the covariances
between the random variables Xi(t) (1 <t < my) vanish asymptotically. Coupling
this with the exchangeability of the events {<w, u(t)> < O}, we will indeed be able to
show that, for a suitable rate of increase of m = m,, with n, the distribution of errors
<w, u(t)> < 0 is asymptotically Poisson. This will suffice to complete the proof of the
Main Theorem.

It will be convenient to first define the double sequence

m n
Dn m é €Xpy — 59,92
' V21 2m

before launching into the result.
ASSERTION 4. Suppose m = m,, increases with n such that n'/®> < m,, < n'/2.
Then, for every fired positive integer k, B m,, (k) ~ Bnm, (1)F ~Qk . as n — oo.
Proof. Write x, = m;'\/n. Note that x,, — co as n — oo for the given rate
of growth of m,, with n. Applying Assertion 3 to the case k = 1 yields Py m,, (1) ~
®(—x,,), while Lemma 2.2 shows that the right-hand side is asymptotic to Q,, n,, as
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n — oo. Now suppose k is any fixed positive integer. Recall that p,, = O(m,;?) = o(1)
as m, > 1. We may hence apply Lemma 2.2 again to obtain

"Bn,mn(k) ~ (I)A(pn)(*xnl) ~ I;%A(M)(Inl)
_ (27)7k/2$;k|A(pn)|71/267 %(EilA(pn)_lll.

Induction on k readily yields explicit expressions for the determinant and inverse of
the covariance matrix A(p,,),

[Alpn)| = (14 (k= 1)pa) (1 = pn)* 71,
A(pn)il = anA(bn)a
where a,, and b, are specified by

1+ (k — 2)pn
(1= pn)[1 + (k= 1)pn]

—Pn

and b, =

Ay —

We hence have
PBrom,, (k) ~ (2m) 21 = p)"FD2 (14 (k= 1)ps,
= (2m) 721 = )" D2 (14 (k= 1)p,) P2 kem BheatOELon)
= (2m) 720 e 3 {1+ O(pn) + O )}
=0k {1+ 0(m;?) + O(nm; )}

)*1/2x;kekai/2{1+(k71)pn}

All order terms on the right-hand side approach zero asymptotically for the given rate
of growth of my,, whence By, (k) ~ QF . asn — oco. O

In slightly imprecise language—the events {<w,u(t)> < O} are asymptotically
independent.

All the pieces are now in place. We complete the proof of the Main Theorem by
invoking Lemma 2.3.

For each n, suppose m = m, random vertices u® = ugf) (1 <t < my,) are
generated by independent sampling from the uniform distribution on B" and let w =
w, € B" be the corresponding vertex generated by harmonic update. Consider the
triangular array of “error” events

Bﬁbt):{<wnaug)><0} (tzlv-”vmn;n:l’z"")’

where the nth row has m = m,, elements, and let {35{5 )} be the corresponding trian-
gular array of indicator random variables for these events. Thus,

) _ 0 if<wn,u£f)>20,
i (wy,ul) <o

Form the row sums Z, m,, = >, 35?. For each n, Z, ,,, is just the number of

examples u® = ugf ) (1 <t < my) which fall into the negative half-space determined
by the vector w = w,, generated by harmonic update. Alternatively, for given n,
Zy,m, is the number of examples ult) = ug ) for which the corresponding inequality

in (1.1) is violated. For each k = 1,...,m, and each n =1,2,..., define

S8, = SEGE.50) = BB n -0 B,
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where the sum is over all subsets {t1, ..., %} of cardinality k drawn from {1,...,m,}.

For each n, the events B,(f) (1 <t < my,) are exchangeable, so that each of the
summands above is just B, m, (k). We hence obtain

My,
5, = (") B0

for every choice of k and n.
Let us now fix the rate of growth of m = m, with n. Let A denote any fixed
positive quantity and suppose

n loglogn + log ()\\/ 27) loglogn
. = 1 .
(3.3) M \/ logn { + logn +0 (logn)?

Clearly, m,, satisfies the conditions n'/? < m, < n'/? as n — oco. Invoking Asser-
tion 4, it is now simple to verify that

S —m Ry (1) ~m,Q = e ex {— o }—>)\
- nAPn, my ~ n~n,m, — = ——
n,My, y 2 p Zm%

as n — oo. Now, fix any value of k and allow m,, to grow as in (3.3). Observe that
k

("i”) ~ n;, as n — oo. Invoking Assertion 4 again, we hence obtain the asymptotic
estimate

s (ann’mn)k )\k
Sr(fmn'v ( k )Dﬁ*m"wkl_)k! (n — o0).
We can now directly apply Lemma 2.3 to conclude that Z,, ,,,,, converges in distribution
to the Poisson distribution with parameter A\. This completes the proof of the Main
Theorem.

Finally, for the rate of growth given in (3.3), P(n,m,) = P{Z,m, = 0} — e
as n — 0o. Now, for any choice of A > 0, however small, and any choice of 1 > ¢ > 0,
a sample size of m < (1 —¢€)/n /\/logn will be eventually dominated by the right-
hand side of (3.3), so that P(n,m) will approach one as n — oo by monotonicity.
Conversely, for any choice of A < oo, however large, and any choice of 1 > ¢ > 0, a
sample size of m > (1 + €)/n /\/1ogn will eventually dominate the right-hand side
of (3.3), so that, by analogous reasoning, P(n,m) will approach zero as n — oo. This
establishes the corollary to the Main Theorem.
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