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On Partially Blind Learning Complexity 

Joel Ratsaby and Santosh S. Venkatesh* 

Abstract 

We call a learning environment partially blind 
when there is an admixture o f  supervised and 
unsupervised (or blind) learning. Such situa- 
tions typically arise in practice when supervised 
training data labelled by a teacher are scarce or 
expensive and are supplemented by inexpensive 
unlabelled (or blind) data available in relative 
profusion. Vapnik-eervonenkis theory can be 
deployed in such settings to quantify the rela- 
tive worth o f  supervision (and the lack thereof) 
in learning. We illustrate the nature o f  the trade- 
o s possible in a simple setting o f  hyperplane 
decision functions and make explicit the role 
o f  dimensionality and side-information in these 
tradeo s in the context o f  d-variate Gaussian 
mixtures. 

1 Introduction 

Blind (or unsupervised) learning in the absence 
o f  (supervised) training examples is gaining im- 
portance in divers areas in communications, 
signal processing, and pattern recognition. In 
these settings, we call a learning environment 
partially blind i f  the learner has additional ac- 
cess to a small amount o f  labelled training data. 
Such situations typically occur in practice when 
unlabelled (or blind) data exist in profusion 
in nature (or are inexpensively acquired) while 
their labelled counterparts are few in number 
(or are expensive to acquire). For example, in 
a two-class tree recognition problem “Douglas 
Fir” and “Spruce,” unlabelled examples o f  these 
trees may exist in profusion in a forest but la- 
belling them requires the services o f  a human 
expert who charges by the hour. Or, in an (ide- 
alised) cancer diagnosis scenario, obtaining X -  
rays o f  cells may be relatively cheap compared 
to the cost o f  the expert labelling them. A mixed 
sample learning system utilising both labelled 
and unlabelled examples may hence be o f  inter- 
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est where one trades o expensive labelled ex- 
amples for (very many) unlabelled examples. 

In such settings, one would like to be able 
to quantify the relative worth o f  supervision 
(and the lack thereof) in learning. This ques- 
tion was first posed by T. M. Cover [l, 2, 31 in 
the following succinct but evocative form: How 
many unlabelled examples is each labelled exam- 
ple worth? We are interested, in particular, in 
the impact o f  dimensionality on the tradeo . 

In the sequel we focus on a simple setting o f  
hyperplane decision functions to illustrate the 
precise tradeo s that  may be determined. 

Consider the problem of learning a d- 
variate decision function o f  the form 

1 i f  (w*,x) 2 w;, 
0 i f  (w“,x) < w:, h*(x) = 

where w* = (wy,. . . ,wi) E Rd is a d- 
dimensional parameter vector, w Z ,  E R is a real 
threshold, and ( w * , x )  = E:=, w 5 x i  is the usual 
inner product. The decision function h engen- 
ders a hyperplane in d-dimensions which di- 
chotomises Rd into two disjoint sets: the half- 
space o f  positive examples for which h(x) = 1 
and the remaining half-space o f  negative exam- 
ples for which h(x) = 0. Let 0; E R d  and 
0; E Rd be exemplars o f  positive and negative 
examples, respectively, on either side o f  the hy- 
perplane and equidistant from and orthogonal 
to it. Equivalently, the separating hyperplane 
is orthogonal to the vector 07 - 0; and passes 
through the point (0; + 0:)/2. 

The learner is provided with an i.i.d. se- 
quence o f  noisy observations o f  the form x = 
0 + z where 0 is chosen with equal probabil- 
ity 1/2 from the exemplars {@;,e;} and z is a 
zero-mean, d-variate Gaussian vector with unit 
covariance matrix. Fori = 0,1, let cp(x I 05) de- 
note a d-variate Gaussian density with mean 8; 
and unit covariance matrix. Then the noisy ob- 
servations conform to a mixture Gaussian den- 
sity f (x  1 e )  = + q ( x  I e;) + + q ( x  I 071, where 
8 = [e;, e;] is the Zd-dimensional parameter vec- 
tor o f  means. 

The data are o f  two types: (1) labelled (su- 
pervised) data { ( f j  , y i ) , I  5 j 5 m} where, for 
each j, y j  E {O, l} is the label of the chosen ex- 
emplar and &j - cp(x I e;,) is drawn from the 
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distribution o f  exemplars of class yj; and (2) un- 
labelled (blind) data {xi, 1 5 i 5 n} where each 
xi is drawn by independent sampling from the 
mixture densi ty f (x  1 e*). Wegenerate a random 
hypothesis decision function c(x) = k , n ( x )  as 
a function o f  the data. Our go@ is to estimate 
the error probability Pm,n = Pr{h # h*}, i.e., the 
probability that  the hypothesis and the target 
decision function disagree on a randomly cho- 
sen x - f ( .  I 0.). More specifically, for a given 
choice o f  algorithm, we wish to determine sam- 
ple complexitiesm = m( E ,  6 ,  d) and n = n( E, 6 ,  d) 
for which 

for su ciently small e and 6.  I f  the above holds, 
we say that Pm, < E: with confidence at least 
1 - 6 .  

It should be clear that the setting here can 
be quickly generalised to other decision func- 
tions, and classification and hypothesis testing 
settings. 

2 Empirical Mean Estimate 

Given a su ciency o f  labelled examples 
{ ( t j , y j )  E Rd  x (0, l}  : 1 I j 5 m }  obtained by 
independent sampling from the marginal distri- 
bution on pairs (x,y). it is easy to see that mo- 
men t estimation yields optimal results. 

Algorithm E Fori = 0, 1 ,  let 

{ < i k : y i k  = i , 1  < k < m i }  

be the subsequence o f  examples generated by 
exemplar 0;. (Clearly, ml + m2 = m.) 

El. 

E2. 

E3. 

Estimate the unknown mean vector 0; by 

Select as  separating surface the hlperplane 
which is orthogonal to the vecto: 81 -80 and 
passes through the point (8, + €I0)/2. 

For each i = 0 , l .  let ai denote the half-space 
containing the mean estimate Pi. Set 

1 i f x  E 21, 
0 i f x  E azo. 

?-. 
h(x) = 

Simple Cherno bounds now su ce to 
prove the following assertion. The proof is omit- 
ted. 

Theorem 1 For su ciently smalls > 0 and arbi- 
trary 6 > 0, given 

4d ad 
m = - E log(a> 

labelled examples (andn = 0 unlabelled exam- 
ples), with confidence a t  least1 - 6 ,  Algorithm E 
results in a decision rule with error bounded by 
Pm,0 < CO€, where CO > 0 is a constant depending 
only on the distance between the means. 

For a given labelled sample size, the min- 
imal error rate varies (roughly) as  the inverse 
of the sample size; the deleterious e ects o f  di- 
mensionality are evidenced in the d log d term. 

We now turn to the mixed sample case and 
our main results. 

3 Maximum Likelihood Esti- 
mate 

Let us now consider the e ect o f  introducing n 
unlabelled examples; the reduction in the size 
m o f  the labelled sample needed to obtain a 
given error rate will yield a rough measure o f  the 
worth o f  each labelled example in terms o f  the 
number o f  unlabelled examples that  are needed 
to compensate for it. 

Suppose that it is known that the data are 
engendered by a Gaussian mixture o f  the form 
f ( x  I e )  = tcp(~ I eo) + $ q ( x  1 e , )  but that the 
true parameter vector 0* = [8 : ,8 ; ]  is unknown. 
We assume in addition that 8* lies in a compact 
set 0 c RZd. Our approach will be to ut$e 
the unlabelled sample to obtain an  estimate 0 of  
the unknown parameter vector €I", from which 
we can then obtain a n  estimate o f  the separat- 
ing hyperplane. The labelled sample will then be 
utilised to provide a labelling o f  the two disjoint 
regions in Rd induced by the separating hyper- 
plane. 

Algorithm M Let {xi ,  1 5 i 5 n} be the unla- 
belled n-sample , and let { (<j ,yj), 1 5 j 5 m )  
denote the labelled m-sample. 

MI. Estimate the unknown parameter vector e* 
by the maximum likelihood estimate 

M2. Select as separating surface the hzperplane 
that passes through the point (0,  f, & ) / 2  
and is orthogonal to the vector %I - 8 0 .  
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M3. Label each o f  the two decision regions sep- K3.  Let the decision border be a hyperplane 
arated by the hyperplane according to the which passes through the average o f  the 
majority o f  the labelled examples in the re- mode estimates and is perpendicular to 
gion. their least-square line. (In the Gaussian case 

there are two mode estimates.} The following is indicative o f  the kind o f  
between labelled and unlabelled exam- K4.  Label the two decision regions induced by 

the hyperplane by the label o f  the majority 
o f  the examples in each region. 

The following sample complexity estimates 
for Algorithm K also arise by careful application 
o f  uniform strong laws. 

Theorem 3 For su ciently small€ > 0 and ar- 

tradeo 
ples that is possible in this setting. 

Theorem 2 For su ciently smalls > 0 and ar- 
bitrary 6 > 0, given 

m = c1 log6-l 

labelled examples and 
bitrary 6 > 0, given 

~2 d2 
€ 3 6  cq 1 3 d log d+ d log 5 n = - (d log€-' + log6-') 

n =  d log( € - 1  6 - 1  ) 
unlabelled examples, with confidence in excess o f  
1-6, Algorithm M determines a decision rule with unlabelled examples and 
error bounded byP,,, < C ~ E .  In the above, c1, 
c2. and c3 are positive constants which are inde- 
pendent o f € ,  6 ,  d, and the choice OB* E 0. 

The main technical tool needed in the proof 
is a rate o f  convergence in a uniform strong 
law for bounded functions (cf. Pollard 15, Theo- 
rem 116.371 and Haussler [4]}. The messy techni- 
cal considerations involve truncation arguments 
to exploit the exponential decay o f  the Gaussian 
to massage the problem into a form where the 
uniform strong law is applicable. 

4 Kernel Density Estimate 

Under weaker side information, the sam- 
ple complexity demands increase dramatically. 
Consider, for instance, a rich family o f  distri- 
butions (which include Gaussian mixtures} for 
which the separating hyperplane is identified 
solely by the modes o f  the mixture. The ap- 
proach here uses kernel estimation combined 
with a mode-estimation algorithm with which 
the Bayes decision rule is estimated. We briefly 
sketch the algorithm. (For the technical details 
pertaining to the problem class and the algo- 
rithm, see 161.) 

Algorithm K Let { x i ,  1 5 i 5 n} be the unla- 
belled n-sample and let { (ti, y j  ), 1 5 j 5 m} de- 
note the labelled m-sample. 

K1. 

K2.  

Use kernel estimation to obtain the mixture 
density estimate f, from the unlabelled 
sample., (It is not necessary for f, to be a 
bona fide density.} 

Determine a set o f  modes o f f ,  which are 
consistent estimators o f  the modes o f  the 
underlying mixture f. 

labelled examples, Algorithm K determines a de- 
cision rule with errorp,), < C 6 E  with confidence 
at least 1 - 6 ,  where c4, c5 and c b  are absolute 
positive constants independent o f  the choice c$; 
6 ,  and e* E 0. 

Remark: Based on Algorithm K, a more gen- 
eral statement can in fact be made pertaining 
to every problem in a regular family o f  mixtures 
whose modes identify the Bayes border. Indeed, 
the sample complexities specified in Theorem 3 
will hold uniformly for all problems in this class. 

5 Conclusions 

With parametric side-information, Algorithm M 
yields a hypothesis with error Pm,n < C ~ E  with 
confidence in excess o f  1 - 6 given a random 
mixed sample o f  

unlabelled examples and 

m M  = c1 log&-1 

labelled examples. Compare this with the 
purely-labelled sample scenario o f  Section 2 
where a learner using Algorithm E requires 

4d 
mE = - log ( y )  

labelled examples to achieve the same learning 
performance. Clearly, the introduction o f  un- 
labelled examples has reduced the demands on 
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the number o f  labelled examples. As a rough 
measure one may take the ratio 

- c7d2 
-- 

(mE - mM) c36 logd 

as  indicative o f  the number o f  unlabelled exam- 
ples needed to compensate for the removal o f  
each labelled example. In this sense, the worth 
o f  supervision is polynomial in d, a,  and &. 
Given detailed parametric side-information, la- 
belled examples are worth a polynomial number 
o f  unlabelled examples. 

Inverting the sample complexity estimates 
for the mixed sample case shows that the er- 
ror rate contribution from the labelled exam- 
ples decreases exponentially fast in m, while 
the error rate contribution from the unlabelled 
examples decreases only as a n  inverse polyno- 
mial in n. Note also that the e cacy o f  the 
unlabelled examples in the algorithmic scenar- 
ios discussed here diminishes as the dimen- 
sionality d increases. More explicitly, the hy- 
pothesis error probability under Algorithm M i s  
0(d3/5n-’/5) + O(e-cm). 

The analysis works for other parametric 
families as long as  the tails o f  the distributions 
are not too heavy. In particular, the analysis 
works in totofor other members of the exponen- 
tial family, albeit with di erent constants and 
rates. 

In nonparametric cases, the tradeo be- 
tween labelled and unlabelled examples is much 
more pronounced as seen in Section 4 .  For in- 
stance, if Kernel density estimation is used to in- 
fer the modes, hence the separating hyperplane, 
each labelled example is worth roughly 

c8 13d log(5 +log d )  

131 T. M. Cover, “Learning and generalisation, ” 
in Proc. 4th Annual Workshop on Compu- 
tational Learning Theory, (eds. L. G. Valiant 
and M. K. Warmuth), p .  3, Morgan Kauf- 
mann, San Mateo, California, 1991. 

141 D. Haussler, “Decision theoretic generalisa- 
tions o f  the PAC model for neural net and 
other learning applications,” Technical Re- 
port: University o f  California, Santa Cruz 
UCSC-CRL-91-02‘, 1989. 

151 D. Pollard, Convergence o f  Stochastic Pro- 
cesses Springer Verlag, New York, 1984. 

161 J. Ratsaby, The Complexity o f  Learning 
from a Mixture o f  Labelled and Unlabelled 
Examples, Ph.D. Thesis, University o f  Penn- 
sylvania, 1994. 

d 
d log de 

unlabelled examples whence the hypothe- 
sis error probability under Algorithm K is 
0(dc9 1ogdn-2’ogd/d) + O(e-cm). Labelled exam- 
ples are worth an exponential number of  unla- 
belled examples when little is known about the 
problem. 

References 

(11 V. .Castelli and T. M. Cover, “Classifica- 
tion rules in the unknown mixture param- 
eter case: relative value o f  labelled and 
unlabelled examples, I’ Proc. 1994 IEEE Int. 
Symp. Inform. Theory, p. 11 1, Trondheim, 
Norway, 1994. 

121 V. Castelli and T. M. Cover, “On the expo- 
nential value o f  labelled samples,” to ap- 
pear Pattern Recognition Letters 

11-768 


